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BN . Q; ::= queen in the i-th row

= Q e ; N A -

« Q X; ::= the column index in which Q; is %’._\]_ nxnﬁﬁi#ﬂ Y]?\fﬁ) C(m(iidﬂtes;ﬁ n ﬁ#
« 5 Q|  Solution = (X, X3, ... » X3 )

% Q =(4,6,8,2,7,1,3,5)
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Constrains: @ §,={1,2,3,4,5,6,7,8 } for 1<i<8
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€ 3h-24t B 43 8% 44 comdidee A5 81 40

WW@%Eﬁ:

Method: Take the problem of 4 queens as an example 0,
Step 1: Construct a game tree

Backtrack

@ 60
x1 = 2, 4 1/ 2 3
(2) (3 <! 50 &) 69 @
x2=2 3 4 1 3 4 1 2l 4 1 2l 3 x3=3/\42/\42/\3 3/\a1/\41/\3 2/\41/\a1/\2 2/\3 1/\3 1/ \2

® ® ©® O @& O 6 @ ¢ 6 69 6
x3=3/\42/\42/\3 3/\4a1/\4a1/\3 2/\da1/\41/\2 2/\3 1/\3 1/\2
DOO® W@ e0e2¢I¢I606) ¢963a)a3d9ds 2696769669

x4=4| 3 4 2| 3| 2| 4 3 4 1| 3] 1| 4] 2| 4 1 2| 1| 3] 2| 3[ 1| 2 1 Step 2: Perform a depth-first search ( post-order traversal ) to
examine the paths

&mﬁﬁ‘@/f{ﬂ‘é OOUVOLB® )E)¢9¢36)63 6)69dAIENE) 966960636 (2,4,1,3) Q
— U 9 9 5 Q
fert — ——
17%);% ﬁ? 41leaves Note: No tree is actually constructed. The game Q
(ondidote Each path from the root to a leaf defines an element of the solution space. tree is just an abstract concept. Q
B0 b ¥ L XM game e
B & 85T BFS.
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2. Tumnpike Reconstyuetion  Problem

Given N points on the x-axis with coordinates x; < x, <...<xy. l l l l l l 1 1 l l
Assume that x;, =0. There are N( N—1)/2 distances between
every pair of points. IIExample% G%};%ezn})ol])m i%( 1,2,2,2,3,3,3,4,5,5,5,6(7,8)10 }
Given N (N —1)/2 distances. Reconstruct a point set from the Step 1: N(N-1)/2=15 implies N= 6
distances. N o Step 2: x;=0 and x,=10
Step 3: find the next largest
. distance and check
ey [Sever-Ye? ¥ Yor Yor ) x,=6
(Ao, X5, 2] Xs, X) (0,3,5,6,8,10)

—
B point B
bool Reconstruct ( DistType X[ ], DistSet D, int N,\int left, int right

{ I* X[1]...X[left-1] and X[right+1]...X[N] are solved */
bool Found = false;
if (Is_Empty(D)) 5 Eh f z. A 3 3

return true; /* solved */ %{mp)\éé““’jz "ﬁ?ﬁdﬁtiéﬂﬁﬁ t?Dci’ C&*ﬁ%@
D_max = Find_Max( D ); /
I* option 1: X[right] = D_max */
I* check if |D_max-X[i]|eD is true for aII X[i]’s that have been solved */
heck( D left /* pruning */

if (OK) { /* add X[right] and update D */ Z&M
X[right] = D_max;
for (i=1; i<left; i++ ) Delete( |X[right]-X[i]|, D); 5 p
for ( i=right+1; i<=N; i++ ) Delete( |X[right]-X[i]|, D); &D#‘M}i%ﬁ'@”\ﬁé ,?ﬁﬁlﬂﬁdﬁt
Found = Reconstruct ( X, D, N, left, right-1);
if (!Found ) { /* if does not work, undo */ Effi5eltH ZEFHEESTH, [

for (i=1; i<left; i++) Insert( |X[right]-X[i]|, D); . N
for (i=right+1; i<=N; i++ ) Insert( |X[right]-X[i]|, D);} %D?W]iﬂ?)dm{'y@% (dﬁk%)

}
}
if (1Found ) { /* if option 1 does not work */ (E ¥ 4T £R )
I* option 2: X[left] = X[N]-D_max */
OK = Check( X[N]-D_max, N, left, right ); 7’5&%‘
if (OK) {

X[left] = X[N] — D_max;

for (i=1; i<left; i++) Delete( |X[left]-X[i]|, D); 5 .

for (i=right+1; i<=N; i++) Delete( |X[left]-X[i]|, D); V\D“—"ﬂdi\%ﬁ@")\ﬁéﬁ? iﬁ‘ﬂ%ﬁdﬁt

Found = Reconstruct (X, D, N, left+1, right );

if (!Found ) {

for (i=1; i<left; i++ ) Insert( |X[left]-X[i]|, D);

for (i=right+1; i<=N; i++ ) Insert( |X[left]-X[ill, D)t D PARMIZ 89 dist P DR (#H8)
}

[* finish checking option 2 */
} I* finish checking all the options */

return Found;

}

—
bool Backtracking (inti)
Found = false;
{ if (i>N) When different S;’s have different sizes %ﬁ%’sll '}ﬂ’ﬂS;
return true; /* solved with (x,, ..., xy) */
for (each x, € S,) { &A% B AharmimiR s; s By S,:
I* check if satisfies the restriction R */ :
OK = Check((xy, ..., X;) , R); /* pruning */ Sa 69
if (OK) { N X5 eA\B, BEHBE constroins Sa
Count x; in; 3

Found = Backtracking( i+1); F#R conpains R S35 o1 S PRBG
if (IFound ) £ o)\ Sy s, %ﬁe)mm BGAD L~y

Undo( i ); /* recover to (xy, ..., X;.1)

}
if (Found ) break;

}

return Found;

}




3\ Tic—tcxc—toe
Tic-tac-toe: Minimax Strategy

Use an evaluation function to quantify the "goodness" of
a position. For example:

f (P ) Compuler - Wlluman

where W is the number of potential wins at position P.
-}{ f(P)=6-4=2
o TR Rt AR

i) T s trylng to@iinimizothe value of the position
P, while the computer is trying to@aximizé)it.

G priay

a pruning S pruning

min

a-f pruning: when both techniques are combined.

Tic-tac-toe
1
CD/ X
X -2

min

pruning R RS FRAH T .

o- B powting BEAE BB R PEH BHIE OW)



ADSDT Divide and Conquer

Recursively:
Divide the problem into a number of sub-problems
Conquer the sub-problems by solving them recursively
Combine the solutions to the sub-problems into the solution for the original problem

Rt BBEEs%. O noximim subsequence sum g K44 O(Vlogh)
® tree tversals F3%55 Ow)
D merge sorv & quick sort O lsgy)

| lpsesy Points Problem

Given /N points in a plane. Find the closest pair of points. (If two
points have the same position, then that pair is the closest with
distance 0.)

» Simple Exhaustive Search
Check N(N-1)/2 pairsof points. T=0( N2).

» Divide and Conquer — similar to the maximum subsequence
sum problem

[(Example]

Sort according to
x-coordinates and
divide;

Sy a B4
R3S BB I R o, TaEREM B 28

Aut e A R W \
C by formi 2 A
° © a()sI(:;llllt‘;;n i:ro(:;l;lc:f";,g 42;5}%" S'UNP ‘Fa gﬂ--
right, and cross.
%@I@ Divide and Congq

DeltaZEE HE§/J \EE% . Eﬁ&éﬁﬁ%ﬂ%ﬂ I:FI im A ) If NumPointInStrip = O(W), we have
E’\J Iﬁ\EEZEﬁ ’ dG'tﬂEééjj %BEE@/E@ —e ° Z)f?::tos, ::l:rlll‘lgot::slsr:gfﬂz, i++) Stﬁ r“’ﬁf[% & gs).

= b= for (j=i+1; j<NumPointsInStrip; j++ ) P N
AL, "SR, ARBAENEH
FEMREBBPHNRER, RAFER ) . J
delta-strip AR5l A H Y A ATHIEE R ) .

The worst case: NumPointInStrip = N

BRI BT AER/ABRN—T
I* points are all in the strip */

Ny F\%F'%% EETEdeltaEE% W E’\],'e—\__'\ﬂu * an(.i sort.ed by y co.ordinate.s */.
CHIES (LABRB—nER) e v o0 B ST FTRE. A5
e P> 0) % yhr e AT SRABE.

else if (Dist(P,,P;) <0

)
{ ¥13 RN SHip L ZE S B U/, Theworst case: o=Dist(P,, P, BRBAEL B O
vt case B strip®E, 2 WA N/~ [:I

For any p;, at most 7
points are considered.

f(N)=0(N)




2. #BF N T = 0 T+ F0)
DY NbRECBABARHH. Gndy, Tm)Z O &.

(1) 3% -+ Substitwtion Method

[Example] T(N)=2T(LN/2])+N

Guess: T(N)=0(Nlog N)

Proof: Assume it is true for all m <1V, in particular
form=|N/2].
Then there exists a constant ¢ > 0 so that
TN/ 2]y <clv/2]10glv /2]

Substituting into the recurrence:

T(N)=2T(N/2))+N
<2cln/2]l0glN/ 2]+ N
<scN(logN-log2)+N
<cNlogN forcz1

ERAEE, BARIE.

[Example] T(N)=2T(IN/2])+N
Wrong guess: T(N)=0(N)

Proof: Assume it is true for all m <N, in particular
form=|nN/2].

TN /2]y <clN/2)

Substituting into the recurrence:

T(N)=2T(IN/2))+N
<2¢lN/2]+ N

<eN @ o(N) X
good guess?

(2) 33=:  Recunion—tree Method

[z] Recursion-tree method N=, ko
[Example] T(N)=3 T(N/4)+O(N2) ol =

—_ Cc N2 il > ¢N?

T
N el ) e > LeN E‘&
log, N T T T A = A.
G G GOy [P OEEERR
2oy e TQ) oo o oo o e ene T QN

3log4N

— Nlog43
log, N-1 . oo )
T(N)= gz EJeN*+ oV <> (XY eN? +O(N"?)
i=0 - =0
¢N?

— O(N"™*)=O(N?
13716 1 OV =0(NT)

(3)3.=: Master Method|

oH = O(4) % ot
= ﬁ%ig%zr-&lpjb]\/: N(nga'

log N < N=
S NINE T TV B Y

(0) Master Method 4: ()= O(ng,,a—g ), £>0 =

f)= @ (V%)

=
o001
B afwby< cfw). c<|
(b) Master Metwd 2: @ f (Wb) = k), K<| =
Afwb)= kW), k> =
o F Wb) = f0) =

R
LN
——

afhE K§W)

BN ﬁ;ﬁ)\ —g(,v) N“ffb““: abﬂb/\l»ﬁi)

TwW)=® (v kg"a)
Ty = @ (v"%% bgn)

T = B (fw)

T)= @ (fow)
Ta)= @ (')
Tw)= @ CFW)-tog,p)
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| eWstg
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(C) Moster Method 3+ QHTOV>=aTw/b>+®w“ue3”N) (021, b>1, p>0)
Tod=(OW™%  g-b*
kPl

OW g N) q=pF
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ADS08 Dynamic Pogiamming =010
%% I RBYBLLURA-T3 B, ARERTREER

|. Fibonacci

1. Fibonacci Numbers: F(N)=FWN-1)+ F(N-2)

int Fib(intN) M%E— OW) ég\ :ﬁ_
K ot 1 $1B%% 02" :, R

else

return Fib(N-1)+Fib(N-2);
}

F6, Dy gOI,“tbO‘fl
/FS\/ \/“\ ‘ , .
Sal O AN A D BB RAGCHITRER, BrAgs

Fsz}oFl FI FO FI Fo Fl Fo DP&:Z-'Q%B;EW"T% iﬁi'r%%\mrf@)r%‘(, QE{@L

2. Drdering Matrix Mubtipliaations 5% fos5 %

[[Example]] Suppose we are to multiply 4 matrices
M1|10x20|* M 20xs0) * M 5031 * My 1xao) -

FRTEIRE T HEESH BARR 41 Bt owter 7 -
(\) nk@ﬁ%ﬁfﬁ% ﬁ% Hﬂ? 07(0{6)” '7 Th50th ;oflpozlf;gigﬂxloo+1o 20 x 100 = 125,000
If we multiply in the order
SR b A oder. A My = M5 -4 e (o ) o
‘)_ - 20x§0x1+10x20x1+10x1x100=2,200
M= ML Maen Wb BS b+ BARE
= BF oxbxC @’r%:

P bn= 2 Disbri = OGS hate wiaBe5 4 o) Qﬁﬂc@

(2) KB BRAAH 2 2 60k,

W IRRRR BAOh R0 213 E- AR R E (RETHEA)
B My Mo BIMG ¥y XT3 matri R iy Mk -6 SR A R B
% {0 ’ if i=j

m. =
7| min{m, +m,+”+r oy it >

i<l<j

FA%H| kD RUEE, RARARKENT REEE CoP2a2)
v .
gL RETE



I* r contains number of columns for each of the N matrices */ "y
[*r[ 0] is the number of rows in matrix 1 */ My Moy
/* Minimum number of multiplications is leftin M[ 1 ][ N ] */ :

void OptMatrix( const long r[ ], int N, TwoDimArray M ) . m m m
{ intij, k, L; :

long ThisM;

for(i=1;i<=N;i++) M[i][i]=0; T(NJ:O(/\/s)

for(k=T k<N; k++) "k =] -1 "1 A AGRIE
for(i=1;i<=N-k; i++){
j=i+k; M[il[j]= |nfinity;}y¢mjbp%mﬁ¥9‘
for(L=GL<j; L++){ | i jovm&
ThisM=M[i][L]+M[L+1][j] S
srli-1]1* e L]1*r[j]; i
if (ThisM<M[i][j]) /* Update min */
M[i][j]= ThisM;
} /¥ end for-L */
} /* end for-Left */

3. Optimal Binagy Search Tiee| g - o sy (o tohesiing)
A KB - RPEERE, 492 BSTAE & access K17 S48 .7

.f,\accessﬁﬁr T(N) =Zpi (1+d,) wor(‘l. break | case | char do | return | switch | void
i probability | 0.22 0.18 0.20 0.05 0.25 0.02 0.08

W RRE A B 8 2134 F-4B BMFE T E1)
=) —BR0BST AT subtree hd & DBST. B A% fe x4

T;;::=OBST for w;, ...... ow; (i<))

c;jr=costof T,; (¢;;=0)

r;;=rootof T;;

w;; 1= weight of 7;; = ﬁpk (w;;=p;) L. Rk%ﬁ‘ﬂl‘;\)%yﬁé‘@@
AR tee.d+ 1, R

@ Py T cost( L)+ cost( R ) + weight( L ) + weight( R)

e 7 SRR ast= = p; (1+d;+]) = Zﬁflﬂi:) +2 P
v v
Wb wst HI3 QIR st 7318 FR, cost ppafRor  BpRfhor )RR Puonls BE

Pr T cost( L)+ cost(R) + weight( L) + weight( R)

=Pkt CinaF Crn, j Wi T Wiy X

L ABAGVER, BE, Ty TR A RGO ¥t}

cha
PR RITRIER presk~case ir oo~ wid

PP EAA - F93% 0BST. L donds L gyihnid



word break | case char do return | switch | void
probability | 0.22 0.18 0.20 0.05 0.25 0.02 0.08

I
| . .
word break | case char do return | switch | void

probability | 0.22 0.18 0.20 0.05 0.25 0.02 0.08

break..do case.. return | char.. switch do.. void
1.17 | case | 1.21 | char | 0.84 [return| 0.57 |return
break.. return | case.. switch | char.. void

1.83 | char | 1.27 [[char][(1.02)]retu

break.. switch | case.. void

1.89 [ char M 3
7/r Wd’ break.. void \ -‘&%15‘1&66 th%ﬁ

M.H_g 215 |Lchar ‘w\d‘@%ﬁﬂé@ﬂ?
g1 i2)88 5 0BST 42 st

i/rmw[ break.. break | case.case | char.. char do.do [return..return jswitch..switch| void.. void break.. break | case..case | char. char do..do |return..return [witch..switch| VOidHVOiT’
022 | break | 0.18 [ case | 0.20 | char [ 0.05 | do [ 0.25 [return| 0.02 [switch] 0.08 | void 022 | break | 0.18 [ ease | 0.20 | char [ 0.05 | do | 0.25 |return] 0.02 |switch{ 0.08 | void
z/l‘ mrd; break.. case | case.. char char..do do.. return |return..switch| switch.. void break.. case | case.. char char..do do.. return |[return..switch|[switch.. VO.Id
0.58 |break 0.56 | char | 0.30 [ char | 0.35 |return 0.29 |return 0.12 | void 0.58 Ibreak 0.56 | char | 0.30 I char | 0.35 Ireturn 0.29 |return 0.12 I void
S/r Wd" break.. char case..do char.. return | do.. switch | return.. void break.. char case..do char..return | do.. switch | return.. void
1.02 | case | 0.66 [ char [ 0.80 Jreturn] 0.39 Jreturn] 0.47 Jretum 1.02 | case | 0.66 | char | 0.80 |return] 0.39 |retumn| 0.47 [return

break..do case.. return | char.. switch | do.. void
1.17 | case | 1.21 [ char | 0.84 |return| 0.57 |retum
break.. return |case.. switch | char.. void
1.83 | char | 1.27 | char | 1.02 |return
break.. switch | case.. void
1.89 | char | 1.53 |}ha( T(N) - O(N"')
break.. void
2.15 | char

A Ml—Poive Shortesy Path 1Emsageke

(1) Rdlijksto. % sigle-source JxeF-42 , BT R-Z. T=00v)- O (V)

(2

T=0(IVP) %Ak

W RREA B F 8 2134 -4 R BHFE GRETE1)
= EXV; 8 U B‘ﬂﬁﬂ%‘?%‘ij Up/:\a\_h%*l}gﬂ? VeV, SR ’ﬂ&%%ﬂ%

k& D~ N-]
¥

& DPOIGIAAY; )Y AR B 1~REE E A TRRRERE. 0 0V 0] ppbEg

ey ) \
DTG A% Ui 5 Gkt
Start from D! and successively generate D', D', ...,
DN, If D*is done, then either
@ k ¢ the shortest pathi > {I<k} —>j = Dk=D+1; or

@ k € the shortest pathi > {I<k} —>j
= { the S.P. from i to k } U {the S.P. from k toj }
= DI [j1=D""i][k]+D'[Kk][]]

D [i[j1=min{D"[i][ jl, D*[i][k]+ D*[k][ I}, k > 0

v Y
ER R TSRS B RE 1) RR TR Rt

Algorithm

ERTRAD D (R18E R

I* A[ ] contains the adjacency matrix with A[i][i]=0*/
I* D[ ] contains the values of the shortest path */
I* N is the number of vertices */
I* A negative cycle exists iff D[i]J[i] <0 */
void AllPairs( TwoDimArray A, TwoDimArray D, int N )
{ int i,j, k;
for (i=0;i<N;i++) /*Initialize D */
for(j=0;j<N;j++)
Dlil[j1=Alillil;
for(k = 0; k < N; k++) AV
for(i=0;i<N;i++ N =
(for(j =0;j<N; }++ ) }T‘Tvv"vj l@&ﬁﬁi\ﬁé#ﬁ'
if(DLil[k]+D[k][j1<Dlil[j])
I* Update shortest path */
DLilli1=DLillk]+DIkI[il; Z%(




S Poduct Assembly 7 a2

o'l 32 |ive ABAEE BT R
WA ARG B A F 10480 AN

Exhaustive search gives O(2") time + O( V) space

IR BOL § 8 2734 § AR RMEE GRbTEH)
= HI~N 79 optimal Solution %Yﬁc\zﬁé@@q\zﬁggﬁwm.

>y WA F V stage, Fam O, Faslne LE
${2x stoge 59 iptimal path th HI% stwe-1 £ optiowl porh 9K .. & = Compu

f[o][e]=0; L[e][e]=6;

f[1][e]=0; L[1][e]=0;
for(stage=1; stage<=n; stage++){9€0"\Nﬁ§|§§’98b
for(line=@; line<=1; line++){ 7% e N2 lie q
f_stay = f[ 1line][stage-1] fg;:iiﬁgess[ line][stage-l];%%b S e~1%ﬂﬁm3ezQiDéﬁ

f_move = f[1l-line][stage-1] + t_transit[l-line][stage-l];%,xstoge_l;ﬂ S‘WQQ%T)N'%

if (f_stay<f_move){
f[line][stage] = f_stay;
L[line][stage] = line; line = f[@][n]<f[1][n]?0:1;
} for(stage=n; stage>0; stage--){
else { plan[stage] = line;
f[line][stage] = f_move; line = L[line][stage];
L[line][stage] = 1-line;

}} A f el gtage] =min{ - }

LT, 7

How to design a DP method? ppfgai .

@ Characterize an optimal solution O DAALF KR 541 %—@3 ﬁﬁ&%&
@ Recursively define the optimal values ) Qﬂzi‘(ﬂfi—%éﬁ ?ﬁ%{%ﬁ% BARIE 121vRS. .

%" Compute the values in some order BRRL)
@ f necesany) b BFMEL BNTE

%~ Reconstruct the solving strategy

SERE BB . BB



ADSA Greedy Algpithn
Optunization  problen : AAALRE -
5 1 BRB) S 0 BT Teosible solution.  FEFS 3 & A B R REL 5 2.
constraints Oprimization Junction
Greecly Alqorithm 7 & # HRAALIE.

QA ocal optimum = ﬂl@b&( oprimwam IR
O TANAE (et BAchl, B TIBH 67 ARUM T Bachb FEFH AL

| Activiby Selection foblem  wesye s 2
Ep% s= 100G, )

1 2 3 4 5 6
S;[1 305 356 88 212
%fl‘:’é%d)é)%%‘f@ [57, j.-m) $il4 5 6 79 9 101 121416
——l

|||||||||||||||||

Ak b Siefas < <h.
SOUItiOn 1: DP

& Sy RBRAT 0 6825 ~ QB LR KIAH N E0Ee
ik Cy & Sy P REREI DR,

BASEH9: AL Sy M0, R) Sip, Sy -2 F RR2BEED

| N I I | 1| | L
G "o & T G
Sik Skj
W0~ 2 TR B ER S C,—,j:{O , Sy=B = ow?
MIX {Csp+ Cp- + 1L, Si
akGSij{ 7Rt Cij } U?}é

Solution 2= Greedy



[2) Greedy Rule 1: Select the interval which starts earliest
(but not overlapping the already chosen intervals)

Greedy Rule 2: Select the interval which is the shortest
(but not overlapping the already chosen intervals)

®® — 7

[2) Greedy Rule 3: Select the interval with the fewest
conflicts with other remaining intervals (but not overlapping

the already chosen intervals)

Greedy Rule 4: Select the interval which ends first (bu

not overlapping the already chosen intervals)

T AR R
LATHNRTZT
BT

[ E—1

&R BTIRINER
OWly )

Resource become free as soon as possible

X DPREZ%
(VAERE=F PRALRA

Correctness:
@ Algorithm gives non-overlapping intervals
@ The result is optimal

[Theorem] Consider any nonempty subproblem S,, and
let a,, be an activity in S, with the earliest finish time.
Then a,, is included in some maximum-size subset of
mutually compatible activities of S,.

Proof: Let A, be the optimal solution set, and a,,is the activity in 4,
with the earliest finish time.
If a,, and a, are the same, we are done! Else
replace a,, by a,, and get 4,".
Since f,, < f,r, A, is another optimal solution.

BrEEwAae, Rt SiEA.
B 5% 5 AT RO

RERPARR) O~ O B BB 4 89 RGBS MBRA o) 1) RERES

2E BB BN BRI

-2 24 5 72,{ OB Grg) Cij= CLpp+l m.«apg)ae%wr;wj}ﬁgm

loxmnay €= €5

CI,J
(2) 5 BarAm

Cl,] = W; ) ;JLJ:(

maxfcn,):n > CpL kgt Wj}. e

l
{wmffw-v Cuag] o if 3|

Oy 2 Oy T B o5

T
) ;

DPARZ) oL AR R Greedy F 43,
BAH RFHE RALRE

% A Greedy Algorshm ¥, &K1 & RA Y DPF &

2. Huffman Codes (Gt 2554

ERE K Ry — SiaRE

Representation of the original

%‘3& Tﬂé— code in a binary tree /* trie */
1\
%(IJ‘ :

code in a binary tree

0 lo o 1

SRAGK BB — $BER.

Representation of the optimal

> If character C;is at depth d; and
occurs f; times, then the cost of the
code=2Xd,f;.

Cost ( aaaxuaxz > 0000001001001011 )

=2x4 +2x1 +2x2 +2x1 =16



SAAP AR R A 8 H i < gﬁ%z}ﬂ%i}'z@ é'qv’]”%__

o

sp | nl
12 | 3 4 |13 ] 1

i

fi | 10

void Huffman ( PriorityQueue heap[], int C) [(Example]
{ consider the C characters as C single node binary trees,

—
n

and initialize them into a min heag;s) a:111
for(i=1;i<C;i++){ e:10
create a new node; i:00
I* be greedy here */ s : 11011
delete root from min heap and attach it to left_child of node; t:1100
delete root from min heap and attach it to right_child of node; sp : 01
weight of node = sum of weights of its children; nl : 11010

I* weight of a tree = sum of the frequencies of its leaves */

i i i st= +2x15
insert node into min heap; Cost=3x10 +2x1

+2x12 + 5x3
> -
}} ODN3E 2ERTEY— H wode + 4xd +2x13
R + 5x1
© KHEF pop min B AENE LB ST /74 =146
@ #wde weight = 21T weight
@ #7 vade fEHSHE BB,
Ay n
Huffran Code ﬁ'fﬁ A B
Correctness: @ The optimal substructure property
® The greedy-choice property [Lemma] Let Cbe a given alphabet with frequency c.fieq defined
[Lemma] Let C be an alphabet in which each character ¢ € C has fof e‘ach character ¢ € C. Lf’t x and y be two characters in C with
frequency c.freq. Let x and y be two characters in C having the lowest ~ Minimum frequency. Let C”be the alphabet ‘“‘hf' new character z
frequencies. Then there exists an optimal prefix code for C in which replacing x and y, and z.freq =x.freq + y freq. Let T be' any tree
the codewords for x and y have the same length and differ only in the ez ety e UG S T s L 1
last bit. tree T, obtained from 7’ by replacing the leaf node for z with an
internal node having x and y as children, represents an optimal prefix

code for the alphabet C.

optimal

Cost(T') < Cost(T)

optimal

By contradiction.



ADS (0 NP- Com?etem&é

losiest = Q(n)

BREAN: 00N 4oy

BB > O)

Haydest ~ undeadable \pmblem SYRMAB Y 24 T Ak

Hattinﬁ prublem .

[Example] Halting problem: Is it possible to have your C
compiler detect all infinite loops?

Answer: No. ;&ﬁ%}% P Ej?\] %‘ %ﬁ%%@%%ﬁ% , £ A

Proof: If there exists an infinite loop-checking program, then 3R [®) tyue, %')’Zﬂ RE :fol.se
surely it could be used to check itself.

f*1 *if (l; LOOP Sk Ak -7 £35S Loop 5 P AT 4B R . R) Loop #7088

;* 2 */ else infinite_loop(); () % P%ﬂ g[ P?{;ﬁg% . ) LOOP ¢&t .
()% PH BT P ¢k, R Lo0P Z4BFF.

y U

- LOOP B H 8~/ BH| BB R o NER & ¥ A2eT

What will happen to Loop( Loop ) ?
» Terminates wmp /*2*/istrue wmp Loops ~ | [ gq;g%

-

» Loops wmp /*1*istrue mwmp Terminates

= Twivg mochine

® Change the finite control state.

@ Erase the symbol in the unit currently
pointed by head, and write a new
symbol in.

(=11 ® Head moves one unit to the left (L), or to
the right (R), or stays at its current
position (S).

Deterministic T\mwg Macning : T-AWRARBELRRE (TR DERELHE)
1%”5%43.%%&

Nondeterministic Turmg Machine T - 0T 0 4572 Az, mB24AR WSS Y4 ¢r.
$REAUBERIN % (18 undecidable 137 undecidoble)

NP: Non-deterministic _Exrinﬂ Machire - polynomiol~time 1423

Deterministic Turiqg Machine Polxjnommt ~time FRIBAL.




= P_NP_NPC. NP-hard
- P closs g0 %R A 679 K2t 1A

_ A AR e poy-tine 7 B i , A2 A FedE
2. MK), dass: -7 BF, 1A & plnomsal-time AET R F T A, &éx;j@{;o@t?m:ﬁ;i. #6% NP.

Nandsterministic polynomial- time.

X PENP B 7% i o ply-vine JEid 938 5% P ML ply-vine BB 7 Npc
NP
{% PENP, MABENP AR, Matpi1s plysine B4 @
£ 0= WP, A NP %19 BRAPAA poly-tine B34,

X PenpP, R\ k- R
_ I -2 %R poly-ime fﬁ-,i
HRR B 1910 B QB 5L k@ AL Q ] reduce % Q2

BRI 4R f-gb&zﬁ;iﬁ)%@ Gt AT VAR
el RBRA R B

i:ﬁ  ER KA, AL

Pdﬁ-ﬁmeﬂ{ Nﬂ‘“""@'k R A 7 Pdﬂnimmuﬂ reduced ) 77) 2R B
- # BKD
#ER

3. NP-Gonplete Prvton: FAHIREINP R (90 , 454 NP -k 7725 IR, 41 NP~ Gonplere

NPCE NPR %&9‘:}‘@%%’6 NPC i9)AE BAEfg L EA | RERR R I ] NPC , R] bR 14
NPC BR3P R . B8 NP BRAHRBA.

TR ABZ NPC: © DR ENP @ ~/2 58 NPCI1AZE <p 4 )RR

—_—
90
[Example] Suppose that we already know that the Hamiltonian cycle @ Hamiltonian cycle problem: Given a graph G=(V, E), is there a
problem is NP-complete. Prove that the traveling salesman problem is simple cycle that visits all vertices?

NP-complete as well. X .
% Traveling salesman problem: Given a complete graph G=(V, E),

with edge costs, and an integer K, is there a simple cycle that visits

Proof: TSP is obviously in NP, as its answer can be verified polynomially.
all vertices and has total cost < K?

TSP RS | B:

K=1V]|

G has a Hamilton cycle iff 'V:\I'-Bﬁ < P ﬁﬁ 12\:\‘;'%_ :

G’ has a traveling

:3:ieéllﬂalglt.our of total (l) @dﬁ "’/[\d\ , ‘XSE%LI A= (33 &UE’_@_J ﬁ%'\\ {3
7 i)zs o4 p BEHRR

IPHHRTER

pa i s J oipan oasussrenn
@‘ v b;ﬁ;(\ Wit KORR LIVEE © & INBE
-1k
@A

= il LAY BEE RS L ERL, BARPH || i< K
(Vo) o B-a R PREE.



3 4R P RIX AR89, B E 4 Npc REBR )

<

—

Al

& Grouiy-SAT JoHR . VA B "Nordetermistic Turmﬂ Madhine 7 polytime Bz " \ZRH
4. NP-hard : 12 %8 Npc1A%R

p IR (107570 AR 4 R NP)
m. Tormal —\Gngmage’ﬁleog

[Example]l For SHORTEST-PATH problem

. Abstract Question QL : IBRAELT —> BXAINRELS 19 sy = %k

I={<G,u, v>: G=(V, E) is an undirected graph; u,v € V };
S={<u, Wy, Wy, ey Wy, V> <U, W>, ..., <W,, V> € E }.

For every i eI, SHORTEST-PATH(i) =s € S.
2. Encadlings + RES L b o, 4t

3. Formo«l-—[angmge Theorﬂ

(1 alphabet = SRE

() lavw(]wxje L (erZ) 4£% -
G) =*:

evmytg strmg

enpty languoge ;
HewEe  L={xe0): Qe
HEER & %R
complettent of | EELH HRERE - FE

B GHRE QrBATTRE

BAEREL/ RRRZE .

sk Eég%iﬁ@i%%%%@

concatenotion of Ly ond Lo EEHSH: LEGELERD.
closure of L EERHIE: [ ¥= {efyLULUL

RS s  wEE

(0 Algprithn A{

-

—

occept 0. g X € f0,1Y B phg N STE o FRETOF 1B A=)

reject @ string X € jo 1}* fﬁ;ﬁéé@—ﬁ &’i’-?%“%  SHREMAE R 0. B A =0



W8 vpe e
[Example] Suppose that we already know that/the clique problem is

NP-complete. Prove that the vertex cover problem is NP-complete as
well.

Proof: ® VERTEX-COVER € NP
Given any x = <G, K>, take V' c V as the certificate y.

Verification algorithm: check if |V'| = K; check if for each

edge (u,v) € E,thatuec V'orve V.
O(N)

Proof (con.): @ CLIQUE <, VERTEX-COVER

G has a clique of size K iff 6
has a vertex cover of size |V| - K.

Let (z,v) be any edge in £ wp

At least one of u or v does not belong to V'

At least one of u or v does belong to V-V'

Every edge of G is covered by a vertex in V-V'
Hence, the set V-V', which has size |V| — K forms
a vertex cover for G

oo

< G has a vertex cover V' C 'V of size [V|I-K
For all u,v € V, if (u,v) ¢E , then u €V' or v € V' or both.
Forallu,v e V,ifu ¢V' AND v ¢ V', then (u, v) € E.
V-V'is a clique and it has size |[V|-|V'| =K. ]

i AR A S50l A8

= G has a clique V' c V of size K G o)

% LB ENEE]

% Clique problem: Given an undirected graph G = (V, E) and an
integer K, does G contain a complete subgraph (cligue) of (at least)
K vertices?

CLIQUE = { <G, K> : G is a graph with a clique of size K }.

% Vertex cover problem: Given an undirected graph G = (V, E) and

an integer K, does G contain a subset V' c V such that [V'| is (at
most) K and every edge in G has a vertex in V' (vertex cover)?

VERTEX-COVER = { <G, K> : G has a vertex cover of size K }.

() Bl ok, &30l => B §ot48 52

FEHE
i%ik(:l\/h KZZW\"K‘

(i) TR o5 B EFRR

WL GRES2HKINA <
G Bhesieed IVI-K 85 \/'R cover

B HARE B ERAAATE
AAARBLEAEG, Qe P, Qep



ADSI| Aﬂ)mxim@ﬁon

oy AR F R AR (> poly-tine) ok A A4k 3%, ol 4R 407 70

E—TRMAEENRLENC, —TEMNEERNILEENREENC, MR ZITIEAR

approximation ratio T X Amax(c/c*, c*/c).

BB izratio NI B A FRNI— TR Ep((n), BI max(c/c*, c*/c) <= p(n),

(oo R A B 2] P>, AT pn- opprocination lgarith

. Omeimate saheme .«

RNIMT 5, CRA-T 1B AV <70, GERMFBH B ndio< |+€

. ?olﬂ—ﬁme aﬂ)mﬁmate scheme (PTAS):

BANENTS, CEAN BV €70, BERMAK BH MR nodio< 1+€. B ply-vine Bk O(n?l )

.« fully poly-tine aﬂmﬂm scheme (FPTAS) :
BNEME S CRA BBV €70, RERAKBEBSH ntio< 1+€. A& plrvime B 0(GFn?)

|- Poprozimate Bin Packing

Approximate Bin Packing

Given /N items of sizes S, ,S,, ..., Sy, such that 0 <S; < 1 for all
1 =i < N. Pack these items in the fewest number of bins, each of
which has unit capacity.

On-line algorithm
() ML Next Fit-

% Next Fit

ragio= 2

void NextFit ()
{ read item1;
while ( read item2 ) {
if (item2 can be packed in the same bin as item1)
place item2 in the bin;

else
create a new bin for item2;
item1 = item2;

} I* end-while */

) &F % # bin KR % R FGS R, HrAT bin p

BEFLERERNRY

[Example] N=7;5,=0.2,0.5,04,0.7,0.1,0.3,0.8

03
05 _—
08 ; . .NP Hard
0.1 P>
0.7
0.4
0.2
B, B, B,
An Optimal Packing
(2) MAN2° Figsy Fip fatio = .7

% First Fit

void FirstFit ()

{ while ( read item) {
scan for the first bin that is large enough for item;
if (found)

place item in that bin;
else
create a new bin for item;
} I* end-while */

} BRI TBF. B binkik
FEH fbinAf R 5, BT bin 7

Can be implemented
inO(NlogN)

[Theorem] Let M be the optimal number of bins required to
pack a list 7 of items. Then next fit never uses more than 2/ — 1 bins.
There exist sequences such that next fit uses 2/ — 1 bins.

(Theorem] Let M be the optimal number of bins required to pack
a list 7 of items. Then first fit never uses more than 17M / 10 bins.
There exist sequences such that first fit uses 17(M — 1) / 10 bins.



Let S ( B;) be the size of the ith bin. Then we must have: /t

S(B,)+S(B,y)>1 ﬁmMexvﬁr R & 2M/ bin Bl
SE)SET oy Sty ﬁ" [
S (By)+S(Byy)>1 $WDDSIZE >M (5) if[_/p)\S' Begt ]Ei.b Wio: l(?
N
Optimal # bins ¥ Best Fit

Place a new item in the tightest spot among all bins.
T=0(Nlog N) and bin no. < 1.7M

2IEbn TEAY P, 5202 15 A6 S8R5 (Y 35T bin, 2%
FEBT IR AF R b, B bin

online olgorithm A2 A7 #2845 , RYEAFE2 B 4 21F . ARAh Sze £ TR AR AT S
oL | o Y ondie olgorithn BB TBE. inpurs & & rotio > =
O](][ ~line olgwi’vhvn
W) LJ%A)L F(rst Fit /Best Fit DQCVQQS(VE] Afirst fiv /R A% M+ 6 bins

Solution: Sort the items into non-increasing sequence of sizes. Then
apply first (or best) fit — first (or bes?) fit decreasing.

5 GBI HES), 2o R First fis [ best fit

2. Knaj')sach Froblem (¢35 Prae mind 502 £40E 32 )
) kmysach Problem — Truational version

%Eg?j}’\" BNTHA, %i/\\y@/@i Wi’fﬁ-?i- ﬂ)ﬁ%ﬁﬁﬁ% 2 A E @’]@2‘7 D) iﬁ‘\\ﬁﬁkﬁ'ﬁ

Grealy i WAL P %f\a@ BRI B P Hokey - - [naximum profit]
}gf%?ﬂ Wy AR TRAE, BH wy $oksy - [minimum weight]

\@‘{3@ %M@ HERTRYE B s Bkt~ - optinal | raxinun profic densiy]
Z A Greedy %ﬁm‘%ﬁz GRS S

(2) Knepsack Problem — 0-1version  NP—hard
H/B B Gresdy et OB . Oppoximation Yatio 2 2.

B Ragr < Pocopt = Proc.enaty < Bt vty  Prom

PO-I,oyt < |+ Prooax
P ety Pt ety

g |+l =2

VSRS Y v A



LR dyramic progranring - ﬂ[@(ﬁ-vi it PRRS Bk (wunding)

W, , = the minimum weight of a collection from {1, ..., i } with total

profit being exactly p & Wi.p%ﬁ 25 ipepH5 Bh PeiEe RIZRE.
<D take i : l'Vi.p = wi + u/i~l.p~p,- % Wiz?li) "Z)LU% 1’3@39”4%‘?11
@skipi: W, , =W, , % Wi.p "FIOZ &% B2

’W@&’@Zﬁ ® impossible to getp: W, =co Zﬁiﬂw P@/fl,ﬁﬁ {1';[, —n
BAREHHWsp BT (57 RAERAAAEARENEE . _ P=1,- Prax
nEGeRt. gy |y ) BRE O(V\lﬁmﬂ
ming W,y 9, + W, otherwise OV fhar) IR RBRIE. P B e
Ehos  BRAG

[z) What if p,,, is LARGE?

(Mo [ Geall Jehi]  [Ew | ]

1 134,221 1 1 2 1 IR vowd b 55 FBeh P AR @%Si B 8% R ’-ﬁ-ﬁ
2 656,342 2 2 ! 2 @ Round all profit values up to lie in smaller range!

3 1,810,013 5 3 19 5 1%;\@ ‘%Vﬁﬁ?

4 6 4 223 6

5 7 5 7

22,217,800 1+ Palg < P for any feasible solution P
28,343,199 284
M=11 M=11 precision parameter

2 Pwx KBS, B Proc =0 2°)HFH 0(n* 2%).
R BEE St % R (B2 NP-nard)

3 k-comter Poblem B
RALEANE BE BEABE A B fiE a'
1% BBSMERE A vadiveFnh e @ *’

Input: Set of n sites s, ..., s,
Center selection problem: Select K centers C so that

¥ X (VAR ROV PBRHSAD B, (he maximum distance from a site o the nearest
~ T E 4Ty HY () LA bast

AV-Tefh b, mardtizaR Famit-2E,
AR THERY b M2 AEZE R, B ot - AMAR, AEMRAHRES.
&S @%Lﬁ?k RIEBRER v < 7(c¥)
<k R)i4,8 Ty >v(c*
VRERERT ¥ > v(c¥) s
BRI CF R r(AHNWREEEL— =S, R
VEF-TEA B M 2r(CH B -ZLRES

(Greedly a@mi‘mm)
NG r AT



Centers Greedy-2r ( Sites S[ ], int n, int K,Edouble r)

{ Sites S'[]1=S8[]; /* S’ is the set of the remaining sites */

Centers C[]=4;

while (S’[]!= @ > N 3
Seléct [aa1y s fr)oEn S’and add it to C; 3%\1.&%9@ 2 A,
Delete all s’ from S’ that are at dist(s’, s) < 2r;

} I* end-while */

if (|C|] s K) return C;

else ERROR(No set of K centers with covering radius at most r);

4

IR, = d;s*b(u, }Hﬁ:/:o\ B rc”) D—gppruximation
)
0 -k

i
|

i

K

[\--"-.__

Centers Greedy-Kcenter ( Sites S[], int n, int K)
{ Centers C[]=g;

>~< %pﬁﬁ\? E—i&ﬁg 6%0% $% Selgct any s from S and add it to C;

while (|C] <K){

%__/\ @{ 4&2% Zﬁsglzﬁx% éﬁ{] @’u/"’J Lﬁ'ﬂ ‘575@’\‘ :z:aztiftf;ogSwith maximum dist(s, C);

} I* end-while */

.ﬁi ﬁﬁlf’\\ k/\ (7§;Eﬂ‘§4\] r) return C;

2~afpmxfma;hbn

K-contor RIAR ¥ /%
9 BRAE P=NP , TR GARF ratio< 2 § s NP Gonpiee

QL % Keconter BAE 2-)-ogporination, R) % 6 o A TAEAEER Domina;bingSet %8
SRS pitme B3 NPC, PP

PaS Appmximaﬁow &1k,
Three aspects to be considered: Researchers are working on

. . . . A+C: Exact algorithms for all instances
A: Optimality - quality of a solution A+B: Exact and fast algorithms for special cases

B: Efficiency -- cost of computations B+C: Approximation algorithms

C: All instances Even if P=NP, still we cannot guarantee A+B+C .



AD5[2 Local Search
RAAEZ 2%, REFRHI R46, AEH-HEM.
{ Incal. optimn : 29454k Fs K4 AP, neghborhiod &t 4 1

Searon K EN AT RS . L E b m@mm @139 ﬁ#ﬁﬁﬁ‘iﬁ; AT AR R) search $35

(SeFs) S~s MSHR S MR cost(S)<ami(s)
STHEBHNS). o) s et

ocol seavch S EET B 5 55,

SolutionType Gradient_descent()
{ Start from a feasible solution S € FS ;
— SO MinCost = cost(S);
WS /j;c/\\ W04, while (1) { S HNE) B ot RN
. S’ = Search( N(8S) ); /* find the best S’ in N(S) */
g ﬁ*j} Feosible Set, DSt CS) ,S"S‘ﬂlﬂ a”%ﬁ (SQQYCh Eﬂﬁ,ﬁ) CurrentCost = cost(S’);

if ( CurrentCost < MinCost ) {
MinCost = CurrentCost; S=S8’;

}
else break; & (st (S‘)'fBl‘t SETawT A,
} KRY B L2 BAIKE,

return S;

|. Uertex. Gver Poblem:

% Vertex cover problem: Given an undirected graph G = (V, E). Find
a minimum subset S of V such that for each edge (u, v) in E, either
uorv isinS.

[?] Feasible solution set FS : all the vertex covers.

@) cost(S)=| S| ﬁﬁ TQ&? 5

@s~s" M}‘Z_FS\ v () Try to improve ... sy 100 P> |
: - " RT
Each vertex cover S has at most |V| neighbors. (@ The Metropolis Algorithm e =0 P—=0
(@ Search: Start from S = V; delete a node and check if S' SolutionType Metropolis() SR B IME MK
is a vertex cover with a smaller cost. }ﬁﬁ$|6]£§ﬁ'§} search 5 7%, . { Define constants kand T;

Start from a feasible solution S € FS ; =
Case0: , O o MinCost = cost(S); Adding IS@
o - S=0 \/ while (1) {
© (o) §’ = Randomly chosen from N(S);
°

CurrentCost = cost(S’);

if (C tCost < MinCost
Case 1: N .. b 4 .. \\/ I (Mi:gzrs‘t =°éurrenltr:'.)oosi; ) {S =S’ %C{B‘b [Sl)’ﬂsr{, Aj ﬁﬁc{s}: ~
“ . iy LUELEE-2

(] With a probability g 2c°st/(kT) jet s = §7;
else break;

} BESRERE A-LME LR B4 f & hi7
zeturn S; 7“@@ iﬁ}%%?%% ﬁg ]'%%}7& “‘i%

7

Case 2:

............ }

/T%&@‘Zﬁ@. LBIETE

simulated annealing IRIUE X EA: TP ERTRE—MEITE B RKRETERRRRBME, Mimsk ks
NEER), EREEREBTEREMN, NRAERE.




2. Hopfield NNV

Graph G = (V, E) with integer edge weights w (positive or negative). ﬁ)\—/l\ QTOPh 7% WSW

If w, <0, where e = (u, v), then u and v want to have the same stqte; %—ﬁ edge We<D , %ﬁ i Jpﬁpé 2% } -&/fedqe %ﬁ

if w, > 0 then u# and v want different states. /%% cdge We>D | #ﬁ 'Z @}}‘péﬁ% WeSuSyv<0
The absolute value |w,| indicates the strength of this requirement. \_* 1

Output: A configuration S of the network — ﬁlﬁ"’ﬁ’ % node §9 stoe assignment
an assignment of the state s, to each node u

3 A Bh2 5 BRI, BATASR 9969 (uffictenty o)

S X nde stote SyHE!.
[(Definition] In a configuration S, edge e = (u, v) is good if )\ R, W = v
w,s,s, <0 otherwise, it is bad. IJ%%AXJ ﬁ a eol@e %P We Su S]) <0 YQ' Veage };(I.
[(Definition] 1In a configuration S, a node u is safisfied if the %/ib gﬁ\@ W&*ee 2w %K
weight of incident good edges = weight of incident bad
edges.

Z w,s,s, <0 HUAREL qod e welg-4o 2 bod edge weight 4o

vie=(u,v)eE

[Definition]] A configuration is stable if all nodes are satisfied.

SRART A4/ —
?\ 4 p o Does a Hopfield network stoble Bff “}j& l Je’:ﬁh ﬁ’m
-10 -4-1-1+5 v always have a stable @j] é%’ ]N“U VA% 4%‘ Ys
1 configuration, and if so,
1045 @ how can we find one?
(2] State-flipping Algorithm PN jﬂ%ﬁﬁ_i
= RAAHE -] & = ganl edge weight < = bad edge weight 5~ 8. edges
ConfigType State_flipping() X
{ ﬁ'ﬂglm\e?bool .- ﬁii@.edge élg ngdﬂ’ﬁe waﬂht}. ﬁﬁ/—zwe;ge’}‘
Start from an arbitrary configuration S; ,y: ] .
while (! IsStable(S) ) { % 8.5} edge £
u = GetUnsatisfied(S);
y Gk +]. £F 2 =oel
return S;
} Claim: The state-flipping algorithm terminates at a stable

configuration after at most W = Z |w,| iterations.

RS- AARH stble GR0Signmont , £z T |ue] AR A

3. Movtimum Gt Problem

€ Maximum Cut problem: Given an undirected graph G = (V, E)
with positive integer edge weights w,, find a node partition (4, B)
such that the total weight of edges crossing the cut is maximized.

w(A,B)i= ) w, FBk

ucA,veB

A: stte= +|. B: state = —|.
Related to Local Search % &?ﬁ’ﬁ » Welgh‘c >0, R cut edge E>SGu-Sp<0 @wd @dge
@ Problem: To maximize w(A, B).

_\ e 2
@ Feasible solution set FS : any partition (4, B) Mgm =t @ ﬁj{ =z ﬁooo\ Edﬁ BK.
@ S ~S':S' can be obtained from S by moving one

node from A4 to B, or one from B to A. ’i,%\(ﬂ %ﬁ, HOP‘jidd NN ﬁ% %’ﬁﬂ (ﬁf E We?O)



[2) A special case of Hopfield Neural Network — with w,
all being positive!

ConfigType State_flipping() ﬁ@% ?F),f’\_t 5 '-%(fﬁ 3}2\ @ I-: /133 Goool
{

=3
Start from an arbitrary configuration S; ")'Ll'ﬁ /f% = Wﬂ""d L2EN Dol
while (! IsStable(S) ) { bad| O
u = GetUnsatisfied(S);
Sy =-Sy;

} FEWRA AL,

return S;

} # poly-time BAE

4
Mavcimum Gut ZAFPRMERHLED 2 (BAK)

« How good is this local optimum? [z][Sahni-Gonzales 1976] There exists a 2-approximation

algorithm for MAX-CUT. P
Claim: Let (4, B) be a local optimal partition and let (4*, B*) i DR
be a global optimal partition. Then w(4, B) 2 Y2 w(A*, B¥).  [3)[Goemans-Williamson 1995] There exists a 1.1382-

approximation algorithm for MAX-CUT.

Proof: Since (4, B) is a local optimal partition, for any ue A

Z W, < Z W, [z][Hastad 1997] Unless P = NP, no 17/16 approximation
ved veB algorithm for MAX-CUT. e

Summing up for all ue A

23 W=D D> WSy > W, =wd,B)

{u,vjcA ucA ved ucA veB
2 Z w,, <w(A,B)
{u,vicB

w(A*, B¥) < Z w, + Z w, +w(A,B)<2w(A,B)

{uyic4 {uvicB
Big—improvement~ftip : MAX-CUT 0%

R flpReriih: £ Fipo(AB) 2942 Zu edge 4o 25 0(.0) 2 fip
) O(F-lgW )R flip AAE KR ratio < 2t ¢,

« May NOT terminate in polynomial time |/ i {Vl @W

. T better local ?
(2] stop the algorithm when there are no "big enough" £y @ bester foca

improvements. [2) The neighborhood of a solution should be rich enough
that we do not tend to get stuck in bad local optima; but
the neighborhood of a solution should not be too large,
since we want to be able to efficiently search the set of

2e neighbors for possible local moves.

Ton W(A, B )
[V | Single-flip == /k-flip == O(n*) for searching in neighbors
Claim: Upon termination, the big-improvement-flip [Kernighan-Lin 1970] K-L heuristic

Big-improvement-flip: Only choose a node which, when
flipped, increases the cut value by at least

algorithm returns a cut (4, B) so that Step 1: make 1-flip as good as we can — O(rr) wap (1> B1)
(2 +e) w(4, B) 2 w(A*, B¥) and v,
Step k: make 1-flip of an unmarked node as good as we
Claim: The big-improvement-flip algorithm terminates can — O(n-k+1) = (4,, B,) and v,...v,
after at most O(n/ < log W) flips. Step n: (4,, B,) = (B, A)

Neighborhood of (4, B) = { (4, B)), ..., (4,1, B,.) }  O(n?)



ADSIZ  Rardomize Algo(fthm

ﬂl‘:%ﬁb% % RZ vardomize algonithm £ #5132).

A vardomized algorevhn R FF ol high probobiley P4 AR BRI, T expectation = R £ g

Pr|[ A ] := the probability of the event A

B W kg
P A]+ P A]=1

E[ X ] := the expectation (the “average value”) of the
random variable X

EIX]=3 j-PdX=j]

j=0

|- Hiring Problem
NERZRB KA. 1 REH SR B &M% 6.

(2] Interviewing Cost = C; << Hiring Cost = C,

[z2JAnalyze interview & hiring cost instead of running time

Assume M people are hired.

Total Cost: O(NC,+ MC,)

(i) 3% condidote B &, st 4B K

(it) % candidate BENH% -
! condidotes % \'/-/Pib}%%‘ GRS
4

Tandow = 3,

EBR B VA0, A R REH 7' .

X = number of hires

BIXI=3 P XL
Jj=1 _ |
{ 1 if candidate i is hired / E(X') - 1_
0 if candidate i is NOT hired
AR e L
= X=3 X )Ema% et

-) E[X]_EIZX I—ZEIX ] —Zl/t—lnN+O(1)
T RN

i

= O(C,InN +NC,)

Online Hiﬁv\ﬂ /AY\Q}'DYVCV\W) =
BRIV EE R 250k B TAARBA

A :=the complementary of the event A (4 did not occur )

Naive Solution

int Hiring ( EventType C[ ], int N)
{ /* candidate 0 is a least-qualified dummy candidate */
int Best = 0;
int BestQ = the quality of candidate 0;
for (i=1; i<=N; i++) {
Qi = interview(i); /* C;*/
if (Qi > BestQ ) {
BestQ = Qi;
Best = i;
hire(i); /* C,*/

return Best;
} 7
Worst case: The candidates come in increasing quality order

N (Ci+Cy)= o(NC,)

Radomized Algorithm

int RandomizedHiring ( EventType C[ ], int N)
{ /* candidate 0 is a least-qualified dummy candidate */

int Best=0; )
int BestQ = the quality of candidate 0; %%ﬁ%&# /ﬁﬁ

randomly permute the list of candldates | takes time

for (i=1; i<=N; i++ ) {
Qi = interview(i); /* C;*/
if (Qi > BestQ) {
BestQ = Qi;
Best = i; assume that candidates
hire(i); I* C,* are presented in random

} order
= BEILTIS0- TR
@ Assign each eleme tA[ i | a random priority P[],

and sort %m*’l%% ]'”/\)

void PermuteBySorting ( ElemType A[ ], int N )
{
for (i=1; i<=N; i++)
A[i].P = 1 + rand()%(N3);
I* makes it more likely that all priorities are unique */
Sort A, using P as the sort keys;
}

I{E no longer need to




Online Hiring Algorithm — hire only once

int OnlineHiring ( EventType C[ ], int N, int k)
{
int Best = N;
int BestQ=-00;
for (i=1; i<=k; i++) { &\ —kif A\ B RALMRE
Qi = interview( i );
if (Qi > BestQ) BestQ = Qi;
}
for (i=k+1; i<=N; i++) {
Qi = interview( i );
if (Qi > BestQ) {
Best =i;
break;

} 2HAFA
y | RePhgbest HACHIER B

return Best;

What is the probability
we hire the best qualified
candidate for a given k?

[2] What is the best value of
k to maximize above
probability?

REFRULERAS?
Sit BUTANRMBHBIR. G 95 5: 1380
What needs to happen for S; to be TRUE?

{ A:= the best one is at position i }
N { B:= no one at positions k+1 ~ i—1 are hired }

4

2. Modified Quick Sovt-

@ Deterministic Quicksort
[2] ©(N?) worst-case running time

O(Vlog N) average case running time, assuming
every input permutation is equally likely

(Detorministic Qsort)

4_3‘(’2 'ch(— kﬂ,(

independent

k
S1=P{ANnB A Bl =
HEAB b= l—)rll//\! P—rlk/! n NGE-1)
b~ i BPR 1Nk RS 613
W I~ i) FRASEGE I~ReF.
v 0
S S 1= -
Pr[ ] IZHPrI l lZHN(l Zkl

®T)

wR% 58 ke RIEZLD,

NI Fs5 1685 %R 2B 5%

)
2 B9 QSort B HH R It 4L, T AR contial splitrer

Central splitter := the pivot that divides the set so that
each side contains at least n/4

Modified Quicksort := always select a central splitter
before recursions

Bl contol splitier ERERARDH2. OW)

Claim: The expected number of iterations needed until we
find a central splitter is at most 2.

| N4 | | | N4 |

N/2 central splitters

Pr[ find a central splitter| =1/2

NI Type ) $931982 S TWEAE (S|

Jj+l J
Typej : the subproblem S is of fype j if N(Z) <|8|s NG) j

Claim: There are at most (ﬂ subproblems of fype j.

EIT"M]—O(N( ) )x(4) =O(N)

} O(NlogN)
Number of different types = log, , N = O(log N)

A \g.¢ N & type

BeapnoA4 4

worsv-case

O(Nlgn)



ADS |4 Parallel  Algorrtm

ABE AT Modine parallelisn :  processor porallelism / pipeline / %444 %

Bss 47 Pavallel algorithm &AL ( Parallel Rondom Access Madhine CPRAM)
L Work-Depth (wD)

| PrAM RE.

E Unit time access
/[ (read/write/

/ computation)
Shared memory HBS3T0(1)

for P,, 1 =i<n pardo
A(i):=B(i)

3 BRAG ol , 5y © Exdlusie —Reod | Exclusive - Write (EREW) FFE%. 15
® Concwrrens - Read,  Exclusive - Write  (CREW) Fkig, #rB

@ Concurrens - Read , Concurrent - Write (CRCW) #75&5’&# £5

|
WRARMAD R [ (i) arbitany nle - BEMKER ~ processor i T

l (i) priorivy vule: 48 45 %9 processor it EH
(iil) common vle + RA A BRRENTEZHLST.

[Example] The summation problem. PRAM model
< e L XA o AN forP,, 1<isn pardo n P43 P 1
eg %ﬁfﬁ*ﬁtp Output: A(1) +A(2) +... +A(n) B(O, i) = A( i ) %gEAEiJ@XBm 5 1
87 processor forh=1tolog ndo hTH g :
T @ 0000000 || e || e
B(h, i) := B(h-1, 2i-1) + B(h-1, 2i)
else stay idle 5%-%% P 4%
B(2,2) OOQQQQ for i =1: output B(log n, 1); fori > 1: stay idle %
O Q O \ P R BClegn, 1] BEP; Ry p
HTARGLEE Time
I
B(0,1) B(0,2) B(0,3) B(0,4) B(0,5 B(0,6) B(0,7) B(0,8) 5 zihﬂ A proceszpr v PQAM @T -ﬁkél;
- . 3 I — |
B(, i) = B(h-1, 2i-1) + B(i-1, 2i) : E— D HBB B U TUBRE
umber of operations VAN
Slmedtgesion 0 4R ARLALHFHARFRE S
B, @P K %.
sinyidle BB R AP 1RAF, 5 R4
2. WD &Y
Work-Depth (WD) Presentation Time Time General
forP;, 1<i<n pardo g WD mode
B(0,i) :=A(i) | UMD 1 3 4 r—. .
orh=1tologn wZnh 5% 3 I
for P31 <i < n/2h pardo ""jn e — . ;__
| B(h. i) := B(h-1, 2ix4) + B(h-1, 2i)| (347) P |
fori=1 pardo ’ @ KL Wé&ﬂf& Number of operations
[output B(log n, 1) | #49) 1
sihRhRhARE )

HATEH? QRO



2. Mesuriag the Pevjormmce
Work ad = &4 %% W () VoA
Worst-cose yuneing time: SATATE) T(n) fefix
© WRIRME, BETV 639

j @Pw= —n)L ]} processor | % T() 5318) ﬁ-:‘ifﬁ;ﬁwcessor—%(
PRAM{ @Y P( Wit )) ) processor, VR \A)Vl) Byi8) & poessor 4B 2% % , Eﬂﬁq“zki%w—jg‘@
@ V P ) processor, 2&% —WP +T () Dﬁi@ 4 PYDLQSSW%’Z‘_:%@@
(REAAARETAT)
Work-Depth (WD) Presentation
Ty W _
orP;, 1<i<n pardo o) = n+z
; B(F(’), i)1:= A1) Lgm) 1 n T(( )> wﬂ
forh=1tologn sZnt5 W n=9on
or P, 1 <i=<n/2h pardo n.n
f BP(h,1i) = B(l/f1,gi-1d) + B(h-1. 21)] (3149) S g
fori =1 pardo
[output B(log n, 1) | BH7) 1 1
7

LWD~preseutation Sifictonsy Theoren]

A5 WO B 1S clgpren 7 P T pocesor . AATHTIE 252 0( 0%+ T9)

h
2, ExamP)e : Pre]ﬁ‘ x=Sume BB CUAERTRL M, i)z
Input: A1), A(2), ..., A(n)
Output: 3 AW, > AW, iA(i)
[2) Technique: Balanced Binary Trees

w0 (10) L &1 %E (h1) 1 {Bﬂﬁ:%ﬁw (B&B%)
i o 87 ~ EaKit R fnrs 2 (ARATH

4 balanced tree BT i

B(1,3)

B(lA) QEi==|, C(h3) = BCh,3)
@K% i dRH, C(hi):= C(htl, 2)
(D@ Q) o5 IdERAR, ¢ (h1) = clrrl, L) + B D
B(0,1) B(0,2) B(0,3) B(0,4) B(0,5) B(0,6) B(0,7) B(0,8)

lefy puch £ T==1  Fydigrign puhr IHRA i
=B CiE-=Buss,CiE = prAbbE

Bz, ot My CRMHAE.
B o B4 6 K25 T W




for P;, 1 <i<n pardo 1 n

B(0, i) := A(i) R _
forh=1tolog n 5j%-269% &%&]P ) ﬁ‘r‘%—g . |(Yl)—O((ﬂle)
fori,1<i=<n/2h pardo AEEFHARFP* n.n
B(h, i) := B(h - 1, 2i - 1) + B(h - 1, 2i) g g W) = O (n)
forh=Tognto 0 &£y F=
forieven, 1 <i =< n/2h pardo f@?ﬁ{, l
C(h,i):=C(h +1,il2)
for i = 1 pardo 200Dk N REEEHIHER
C(h, 1) :=B(h, 1) s t [Bj H5LHR

foriodd, 3 <i < n/2h pardo
C(h,i):=C(h +1, (i-1)/2) + B(h, i
for P;,1<i<n pardo
Output C(0, i) 1 n

4 Example : MeVgMﬁ
AR B BAAL]. BLD, BE merge 5 7 CLI .
Solution < Partitioning + Hi&EH K P13 DR, B SR IATE B

ARIERE ALIFE R EABLISHUELE hTARKAC.
BLIF &SR EBEAT IPWUEFLE 2hThlRRAC
Ranking 148

Meging RIA <> Fii RAVK (,B) 40 RANK CF, A)
18338 Ronking T, R Morging A TO0=0() %0 W)= O (neni) 34

%*}J‘ forP;,1<i=<n pardo
B C(i + RANK(i, B)) := A(i) i BO1BATE, A AL PACH] 218 — RANKG.AY =3
forP;,1<i<n pardo

C(i + RANK(i, A)) := B(i)

4. Rouking 1R B2 e

(2] Binary Search

ii\—‘: forP;,1<i<n pardo J T(ﬂ) - O (,’oﬂn) 7 = ﬁ%ﬁ% O(n) gﬂﬁk@@ﬁﬁz% ’ X\Q%’&%-

RANK(i, B) := BS(A(i), B) .
RANK(.A) = Bs@() A) | W)=0 (n l’fj n) > Fphy On)

[2) Serial Ranking ii\}

|

320 Nopee ACTLITIT]
[TTTIIT]

while (isn]|jsm){
if (A(i+1) < B(j+1) )
RANK(++i, B) = ; it
else RANK(++j, A) = i;
}

] T =Q(n+m)
L =0 (ntm)

33,2« Ponllel Rarking /2@7&

A _Select(i)=A(1+(@-1)logn ) for1<i<p
DA z?; & p= (njn J select;, @ U’ﬂn NG select «B_Select(i)=B( 1+(i-1)logn) for1<is<p

_)-l.ﬁ'%b'flgﬁg RANK A [aT e [8To [i6]17[18]19]20]21[23]25]27]29]31]32]

B[1]2[3]5][7]10]11]12]13]14]15[22]24]26]28]30]

Tiw =0 (lgn) BRT Bk 4 H A part




A : 4 i 6 l 8 i 9 !16i17i18%19§20%21%z3‘25!27i29‘31‘32[ #% 2J)/T mﬁ; , Wﬁ; i8) &’7'5)%
BLl2]3[5][7]rofnn]12]13]14]15[22]24]26]28]30
© 2P pary /R serial ranking

Tot0) = O (parvhzEde) = O (kg n)
W,00 = 2p % O (prshzF4) = O (plagn) = O

W, (=0 (plegn) = O()
p/7 binary search¥A7

/e L2 . T=00xn
W= 0(n)

fadbe, -5

5. Example Mowimum Finol:vg

PRAM model Work-Depth (WD) Presentation
~2\_’ . forP,, 1<is<n pardo nA P, %43 ) . f:r - :}:ti <(n a)rdoese tatio Tt Wy
AT BO=A(T) P A& T e B 1 n
rh=Tokgrdo apiTe forn= Tiologn ur5% w
\%%ﬁ({@‘?ﬁ@‘:}?ﬁ[ﬂ F(h’ ? ;=‘3(h-1§§72 ;151)\; ?‘; -1,2i) j“ﬂ” folrﬁ?ﬁjns:fs?rlfz.girﬁi B(h-1, 2i)] (347) S 2tg e
) :r?e: :aotll ‘:1 ;J Vn.i % ori>1: stay idle fori=1pardo =
T=0(gn) W=0 (W T=0(ign) W=0m
;2\;: for?I:ii), 1=§ i<n pardo g]\ﬁ[ﬁ]ﬁﬁri%
g e L) e RTEE T | Rkt BB %
s | | | 2‘(3:1 i AREBE L TwW=000  xuFethn
eise = \
n(n-1 L 1<I< \ n=0(n*
= for;fPB(i; i n pardo #ﬁﬂg;ﬁ&ﬁ o*gﬁ'ﬂ;, W( ) ( )
Afi)isamaximuminA 5@ CRCY By avbitm'}j Yule
/4
3.2« Doubly—lagarithmic Rurocligm
i he lglan
() BTN DA 7] & &
Ald= AL, - ALJR) R bBE L 7(®), (m) o
= Doubly—Leqd 5 X
A?[]: ALm), - AL RO batfBE i my im) WE R WA | o3
Agl 1= Alran), - ALn]) Bb®EX o 7iq) (@) o 7
% T2=0(4) fﬁ’%l,Z

2T M0, M2 - mox i ik RANABESE

Ty < TUR) +0 (1)
W) < W)+ 0(n)

T=0 (s sgn)

W, =0 (m*) = 0)

i f

e W=0 (nlglgn)
B O(h)BpT=W=0(h)

(i) BT ZENHH T K h 5%

ALI= AL, — ACh) M&O(m ( mow|

n C AL oo~ R SEZ T 4o B2 1



Pzl J= ALt 4, = AL ) ——== () pado ¥ 1= O(h) R
AB‘[]: Al ], - A[3h ) _BhEEX_ o) W= 1-0t) o3
Aml = ADEY, - ACn] —EBEEX_ op) A wox Wh
\ i : 2=0(lngleg )

A MG X2 o oL af B AU b Bk T2
2% M2, mx R A W, = O ( byleg 1)

Fe.2

Ttny < Olh) + O (glg 1y N T=0(klyn)
Wi <o)+ 0l i)~ W=0(n)

M Random Sowplm\g

n%
w1 % | F n'® - ok porlo & ) L %(([) )
T S T R R el 1] i
nB’X/Tblpokn nnin nin n
T=0(4)

..O 1 .
5‘3@” lack ﬁiﬂ@ﬁ%%—"\— W=0(n">* }?ﬁ’ﬁbhxk pardo 3 )

8 S8 o .

w= nfxom™)=0m

& n 687 %% n% - bk

b8 4
nBT% [ .
en o |1 A ] e
L, T=0W wm T=0(4)
TG bk RFDE®E . 3= 0((n*)) }MM PR e 2 02} = 0
#48 2 wox i

sty N RS Bxe.

while (there is an element larger than M) {
for (each element larger than M)
Throw it into a random place in a new B(n738);
Compute a new M;

}

Z 8 Rondom Sompling mmm% & T=0 (1) 8 W= 0(n)
mmm W 5 %125 O ()

[Vlerg;“ g : Moacimum F(V\divg N



3% RakigZag b T=0 (2) (i) balancedbinary tree %Hmax T= 0 (ugn)

W_-_O(m—m) Wﬁﬁ V\):O(YO
kw2 RE T=0(4)
Ranking: W= 0(«)
Binary Search  T=0(gn)  Serial Roking T=0(n) (iii) B I T=0O( lyhgn)
M W= 0 (n\Ang)/ wW=0 (VL) I %Mbb\'] Uﬁ Jﬁﬁ%mx\]m e O(n[(;?wsn)
Farallel Ranking T= Ollyn) lﬁﬁ%lhg\ﬁgw WD T=0(igugn)
W=0 W W= O(n)

(iv) Rovdom Sampling ~ T=()(4)
W=0 ()



ADS1E External Sorting
R0 B, ?ﬁjﬁ’%ﬂ% Z1s * NB-L . K%’%ﬁ%féi B disk access . mem aess B £%.

To get a[i] on

2] internal memory — O(1)
(2] hard disk

1. find the track; device-dependent

2. find the sector; Yun : —4\&7275)3’9%)350

3. find a[i] and transmit.

BN NP, BT EA B U, tpe 7 Bt sepuentialy ocess B 217 54 37 tope.

[Example] Suppose that the internal memory can handle
M = 3 records at a time. ' T 1/0 03 = M3k = g
B Bt AR RAT Lo RS = fithd = 4 pass

", OB EREN A -2 15 #EE

Internal memF [12(35/96] %@&ﬁmmq’ﬁmﬁ WA
Run R #% £ tape & &Kdﬁ T, _)T2_>Tl _>T2 Tl
{Tl S Ts \th \LB T4
T, 96]41 OBA B 0] @ 2 5 /
Q . 1 pass “3 55
SV 11 [12]3581]94]96 | 15 LIS SIELE NI > waxe| P
o Q
T,
(1 DEEEECE s = 1+ [ A
# pass *ﬁ}’)‘
ATHBIA T 3%: ) merge ok
A buffer 4 R85 porallel
run ¥
-~ R-woy B ) 2RA tope
| HEPASS BXT R keun e /\mﬁi’% P
f-‘i Use a k-way merge! T2 T T2 T
T, OONEEEEEEnEE T T T T T
Y renbp Tg T Te T
T, !41 58|75 || ALRT b AR o /
Ts |15 A minheap 43~ 1 pass o 528
T i 7 P o ] P
(O 1111217 23 35/51 94 969 | pouss = [+ [log L
™. [EOEE” = 1 [
T6
S A4 AT BT R2RT wpe. fE X )
Can we use 3 tapes for a 2-way merge? A smarter way — split unevenly
T, HHEEETTE L o S I nTgwmn BRIt
T b x s
MK 2-way morge B 3/ wpep) T ——
T, | ~
SRBAH 4950 = 1.1] . 32 Fiborocci 4 F, W DA Fuy. Fr, B
R unevenly 43 = I
. E—T— Ya‘ R—wwj merge , 935 X Rway Fibonaccid.
o3 L | ® B _® B)
T RS P % kt 1T tope



2. handle bujfms 0 paratle,{

AR B 2P, G0 B Ao, s, 9 vutput, V-t , k), o outpet, -
ERRNELOFRRK. BEE A mralel 4 10 BHAE? — A beffortE R 1/0.
[Example] Sort a file containing 3250 records, using a

computer with an internal memory capable of sorting at
most 750 records. The input file has a block length of 250

records. - WRLOE AR % A buf 72 buf 4 morge 83 B 8 2 5 S0 4 0.
T, HHNNEENEEEEEEE T o RDH 2 P sk ke buf .

) i
C L RN

£ "ok g}ibwf output buf k—wmj nee -

- W, WERDH Y bif

(" #lln 2RI A 20T gyt e
Ty IR &1 ope 21 —E-4%

Runs -T-%
k=2 == # of input buffers =& === buffer size=y

N
L seek time <= ¥~ block size on disk 4_' h/r Poss& [+ ,Vl'eak M-I \V \eﬁmdeqﬁc
- ho FRENE R block size s §00% -0

bwb‘e/f handle IO/

3. RO Mitiol v replacenens sciection

BREAL unBK, ) vun BT B BB coek tine.
28 84 momkds K ALTEEN mem, HEFBED - vun. yn kB 2% memKn.

T eptqce ments

selecrion QT2 mem BIREX—7 minveap, A5t R gt Fe sl .

o . . LR O run, ERABAA
QBF:  Jop min, Ao nm Ape A BB, BEFAERKIRDTE, (5 B B4R oder poperry)

[GHEEDRE, FE7 run LB 48 A7 £ ovdler properiy
8194111196]12]35(17/99128 /5841 7515

ﬁ Replacement

selection
1181/94/96
X TR KA 2 ¥ memAh. B RAZ, nearly sorted 2 §43-.
DEESEMEEE £, -2m # PRk R, vearly soried 5.8



4. minimize merge

[(Example] Suppose we have 4 runs of length 2, 4, 5,
and 15, respectively. How can we arrange the
merging to obtain minimum merge times?

mege 5k = R merpe 59 yun Kz A0 /ﬁ,,:\?f minimize? Hl/cﬁman Tree

728 nerge IR JF 275 % B vorge 4k K rundRER werge , depth A %
26 26 2x3+4x3+5x2+15x1=43
N 'FHF% 52 A —Fﬁfﬁr 43 Total merge time = O ( the weighted external path length )
/é\ R ) (6+11+26) . BB
2 4 5 1€ 2 4 58 O( Zextomol putrk. ot )



